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$u_{tt}-\triangle u+V(x)u_{t}=0$ , $x\in R^{n}$ , $t>0$ , (1)
$u|_{t=0}=u_{0}(x)$ , $u_{t}|_{t=0}=u_{1}(x)$ , $x\in R^{n}$ , (2)
, $[u_{0}, u_{1}]\in H^{1}(R^{n})\cross L^{2}(R^{n})$ : $R>0$
supp $u_{0}\cup suppu_{1}\subset B_{R}$ $:=\{x\in R^{n};|x|<R\}$ . (3)
$V\in BC^{1}(R^{n})$ . (1) $-(2)$
$u\in C([0, +\infty);H^{1}(R^{n}))\cap C^{1}([0, +\infty);L^{2}(R^{n}))$ :





$E_{u}(t):= \frac{1}{2}\int_{R^{n}}(|u_{t}|^{2}+|\nabla u|^{2})dx$ .
, $[$ 9 $]$ $([$ 1 $]$ $)$ $V(x)$ $V(x)\geq 0$ $(|x|$ 1 $x$
) $V(x)\geq\epsilon_{0}>0$ , (1) $-(2)$ , 2001
( ,
):
$E_{u}(t)\leq C(1+t)^{-1}$ , $E_{u_{t}}(t)\leq C(1+t)^{-2}$ .
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$[u_{0}, u_{1}]\in H^{2}(R^{n})\cross H^{1}(R^{n})$ .
, $E_{u}(t)$ 1 , $E_{u_{\ell}}(t)$ 2 .
1, 2, . ,
1 2 1 .
.
, , , , [4] ,
[10] Todorova-Yordanov [13, 14]
, (1) (Diffusive Structure)
.
, $V(x)\equiv 1$ ,
( $L^{1}(R^{n})$ ) :
$E_{u}(t)\leq C(1+t)^{-(1+n’ 2)}$ ,
, $V(x)\equiv 1$ (1) $-(2)$ , $tarrow+\infty$
$u(t, x)\approx v(t, x)+e^{-t’ 2}w(t, x)$ ,
. , $v(t, x)$
$-\triangle v+v_{t}=0$ , $x\in R^{n}$ , $t>0$ ,
$v|_{t=0}=u_{0}(x)+u_{1}(x)$ , $x\in R^{n}$ ,
, $w(t, x)$
$u_{tt}-\triangle u=0$ , $x\in R^{n}$ , $t>0$ ,
$u|_{t=0}=u_{0}(x)$ , $u_{t}|_{t=0}=u_{1}(x)$ , $x\in R^{n}$ ,
.
. , Todorova-Yordanov , $V(x)$
, : , $V(x)=V_{0}/(1+|x|)^{\alpha}$ $\alpha\in[0,1),$ $V_{0}>0$ ,
$\int_{A_{0}|x|^{2-\alpha}\geq t^{1+e}}(|u_{t}|^{2}+|\nabla u|^{2})dx\leq Ce^{-\beta t^{e}}$ , $t\gg 1$ , $\forall\epsilon>0$ ,
([14]). $A_{0}>0,$ $C>0,$ $\beta>0$ . ,




$V(x)\equiv 1$ ( ) . ( ) ,
$E_{u}(t)=O(t^{-(1+n’ 2)})$ , $(tarrow+\infty)$ ,
$E_{u_{t}}(t)=O(t^{-(3+n’ 2)})$ , $(tarrow+\infty)$ ,
, 1 $E_{u}(t)$ 2 $E_{u_{t}}(t)$
2 . $L^{p}-L^{q}$ :
$-\triangle v+v_{t}=0$ , $x\in R^{n}$ , $t>0$ , (4)
$v|_{t=0}=f(x)$ , $x\in R^{n}$ (5)
, $f\in L^{q}(R^{n})$ $k=0,1,2,$ $\cdots$
$\Vert\partial_{t}^{k}\nabla v(t)\Vert_{2}^{2}\leq Ct^{-n(1/q-1/2)-2k-1}\Vert f\Vert_{q}^{2}$ ,
$\Vert\partial_{t}^{k+1}\nabla v(t)\Vert_{2}^{2}\leq Ct^{-n(1’ q-1’ 2)-2(k+1)-1}\Vert f\Vert_{q}^{2}$,
, 2 ( $\Vert\cdot\Vert_{q}$ $L^{q}(R^{n})$ -norm ).
, .
$E_{\partial_{t}^{k}u}(t)\leq C(1+t)^{-d}\Rightarrow E_{\partial_{t}^{k\cdot+1}u}(t)\leq C(1+t)^{-d-2}$, $d\geq 0$ , $k=0,1,2,$ $\cdots$ ,
.
( $V(x)\geq\epsilon_{0}>0(\forall x\in R^{n})$ !,
), 2 $E_{u_{t}}(t)$ $O(t^{-3})$
. , Radu-Todorova-Yordanov[11] ,
. ( )
.
1. $n\geq 1,$ $V(x)=V_{0}/(1+|x|)^{\alpha},$ $\alpha\in(-\infty, 1),$ $V_{0}>0,$ $\mu>0$ , $[u_{0}, u_{1}]\in$
$H^{2}(R^{n})\cross H^{1}(R^{N})$ (1) $-(3)$ $u$
$\int_{0}^{t}(1+s)^{\mu+2}E_{u_{t}}(s)ds\leq C(E_{u}(0)+E_{u_{t}}(0))+C\int_{0}^{t}(1+s)^{\mu}E_{u}(s)ds$ ,
. $C>0$ $R>0$ .
1 , 1 2 2





, (1) , 5
,
. 5 ,
. . . .. . $n\geq 5$ ,
$u_{tt}-\triangle u+V(x)u_{t}=0$ , $x\in R^{n}$ , $t>0$ , (6)
$u|_{t=0}=u_{0}(x)$ , $u_{t}|_{t=0}=u_{1}(x)$ , $x\in R^{n}$ . (7)
, $V\in BC(R^{n})$ $V(x)\geq\epsilon_{0}>0(\forall x\in R^{n})$ , . ,
, . (3) (
) .
Morawetz ([8]) $Aa,$ (3) $,$ (6) $,$ (7)
$u\in C([0, +\infty);H^{1}(R^{n}))\cap C^{1}([0, +\infty);L^{2}(R^{n}))$ :
$\chi(t, x):=\int_{0}^{t}u(s, x)ds+h(x)$ , (8)
, $h(x)\in H_{loc}^{2}(R^{n})$
$\triangle h(x)=V(x)u_{0}(x)+u_{1}(x)$ , $x\in R^{n}$ , (9)
$h(x)=O(|x|^{-(n-2)})$ , $|\nabla h(x)|=O(|x|^{-(n-1)})$ , $|x|arrow+\infty$ ,
, . Newton
. $\chi(t, x)$ ,
$\chi_{tt}-\triangle\chi+V(x)\chi_{t}=0$ , $x\in R^{n}$ , $t>0$ , (10)
$\chi|_{t=0}=h(x)$ , $\chi_{t}|_{t=0}=u_{0}(x)$ , $x\in R^{n}$ , (11)
. (10)-(11) Multiplier . (10)
$\chi_{t}$ $[0, t]\cross R^{n}$
$E_{\chi}(t)+ \int_{0}^{t}\int_{R^{n}}V(x)|\chi_{t}|^{2}dxds=E_{\chi}(O)<+\infty$ (12)
. $n\geq 3$ $E_{\chi}(0)<+\infty$ . $u=\chi_{t}$
$E_{u}(t)=E_{\chi\ell}(t)$ ,
14
, $E_{\chi}(t),$ $E_{\chi_{t}}(t)$ (10) 1 , 2
.
1 , . $\Vert\cdot\Vert_{2}$ $\Vert\cdot\Vert$ .
1. $n\geq 5$ , $V(x)\geq\epsilon_{0}>0$
$E_{\chi}(t)\leq C(1+t)^{-1}$ ,
, , $C>0$ .
Proof.
$\frac{d}{dt}\{(1+t)E_{\chi}(t)\}=E_{\chi}(t)+(1+t)E_{\chi}’(t)$ ,
, (12) $E_{\chi}(t)\leq 0$
2 $(1+t)E_{\chi}(t) \leq 2E_{\chi}(0)+\int_{0}^{t}\int_{R^{n}}(|\chi_{t}(s, x)|^{2}+|\nabla\chi(s, x)|^{2}dxds$
$\leq 2E_{\chi}(0)+\frac{1}{\epsilon_{0}}\int_{0}^{t}\int_{R^{n}}V(x)|\chi_{t}(s,$ $x)|^{2}dxds+ \int_{0}^{t}\int_{R^{n}}|\nabla\chi(s,$ $x)|^{2}dxds$
$\leq(2+1/\epsilon_{0})E_{\chi}(0)+\int_{0}^{t}\Vert\nabla\chi(s, \cdot)\Vert^{2}ds$. (13)
. , (10) $\chi$ $[0, t]\cross R^{n}$
$\int_{0}^{t}\Vert\nabla\chi(s, \cdot)\Vert^{2}ds+\frac{1}{2}\int_{R^{n}}V(x)\chi(t, x)^{2}dx+\int_{R^{n}}\chi_{t}(t, x)\chi(t, x)dx$
$= \int_{R^{n}}u_{0}(x)h(x)dx+\int_{0}^{t}\Vert\chi_{t}(s, \cdot)\Vert^{2}ds+\frac{1}{2}\int_{R^{n}}V(x)h(x)^{2}dx$ ,
, (12)
$\int_{0}^{t}\Vert\nabla\chi(s, \cdot)\Vert^{2}ds+\frac{1}{2}\int_{R^{n}}V(x)\chi(t, x)^{2}dx+\int_{R^{n}}\chi_{t}(t, x)\chi(t, x)dx$
$\leq\int_{R^{n}}u_{0}(x)h(x)dx+\epsilon_{0}^{-1}\int_{0}^{t}\Vert\sqrt{V}\chi_{t}(s, \cdot)\Vert^{2}ds+\frac{1}{2}\int_{R^{n}}V(x)h(x)^{2}dx$,
$\leq\int_{R^{n}}u_{0}(x)h(x)dx+\epsilon_{0}^{-1}E_{\chi}(0)+\frac{1}{2}\Vert h\Vert^{2}$ . (14)
, $n\geq 5$ $\Vert h\Vert<+\infty,$ $\int_{R^{n}}$ I $u_{0}(x)h(x)|dx<+\infty$ . ,
$- \int_{R^{n}}\chi_{t}(t, x)\chi(t, x)dx\leq\frac{1}{4}\int_{R^{n}}V(x)\chi(t, x)^{2}dx+\frac{1}{\epsilon_{0}}\Vert\chi_{t}(t, \cdot)\Vert^{2}$,
, (14)
$\frac{1}{4}\int_{R^{n}}V(x)|\chi(t, x)|^{2}dx+\int_{0}^{t}\Vert\nabla\chi(s, \cdot)\Vert^{2}ds$
$\leq\frac{1}{\epsilon_{0}}\Vert\chi_{t}(t, \cdot)\Vert^{2}+\int_{R^{n}}u_{0}(x)h(x)dx+\epsilon_{0}^{-1}E_{\chi}(0)+\frac{1}{2}\Vert h\Vert^{2}$ (15)
15
. , (12)-(15) :
2 $(1+t)E_{\chi}(t) \leq(2+\frac{4}{\epsilon_{0}})E_{\chi}(0)+\frac{1}{2}\Vert u_{0}\Vert^{2}+\Vert h\Vert^{2}<+\infty$ ,
.
. $N=3,4$ $\eta(t, x):=\chi(t, x)w(x)^{-1}$




, $E_{\chi}(t)$ $E_{u}(t)$ . [11]
$\chi(t, x)$ Morawetz . ,
[3, Proposition 2.3] .
2. $n\geq 5,$ $\mu>0,$ $V(x)\geq\epsilon_{0}>0$ . , $Ci>0(i=0,1)$
$\int_{0}^{t}(1+s)^{\mu+1}E_{u}(s)ds\leq C_{0}+C_{1}\int_{0}^{t}(1+s)^{\mu-1}E_{\chi}(s)ds$,
. , $u(t, x)$ (6) $-(7)$ , $\chi=\chi(t, x)$ (8) .
1, 2 .
2. $n\geq 5,$ $V(x)\geq\epsilon_{0}>0$ ,
$E_{u}(t)=O(t^{-3+\delta})$ , $(tarrow+\infty)$ ,




. $\forall\mu\in(0,1)$ . , $t\mapsto E_{u}(t)$
$\int_{0}^{t}(1+s)^{\mu+1}E_{u}(s)ds\geq E_{u}(t)\int_{0}^{t}(1+s)^{\mu+1}ds$
$= \frac{1}{\mu+2}E_{u}(t)(1+t)^{l^{\iota+2}}-\frac{1}{\mu+2}E_{u}(t)$ ,
. , $E_{u}(t)\leq E_{u}(0)$
$\frac{1}{\mu+2}E_{u}(t)(1+t)^{\mu+2}\leq M+\frac{1}{\mu+2}E_{u}(t)\leq\frac{1}{\mu+2}E_{u}(0)<+\infty$,
16
. $\delta>0$ $\mu:=1-\delta$ .
$V(x)$ , 2 ,




(cf. [2, 3]) ,
$u_{tt}- \triangle u+\frac{V_{0}}{\sqrt{1+|x|^{2}}}u_{t}=0$ , $x\in R^{n}$ , $t>0$ , (16)
(2) $-(3)$ , . 2 , 1
( ), $n\geq 3$
.
Theorem([3]). $n\geq 3$ , (16), (2), (3) $u\in C([0, +\infty);H^{1}(R^{n}))$
$C^{1}([0, +\infty);L^{2}(R^{n}))$ :
(A) $0<V_{0}<n$ , $E_{u}(t)=O(t^{-V_{0}})(tarrow+\infty)$ ,
(B) $n\leq V_{0}$ , $E_{u}(t)=O(t^{-n+\delta})(tarrow+\infty)(\forall\delta>0)$ .
, $V_{0}(1+|x|)$
, 2 . , (A)
, (16) weak , (B) , (16) pure
. , (B) , 2
. (A) ,
. [14] [2]
, $V(x)=V_{0}’(1+|x|)^{\alpha}$ $\alpha\in(-\infty, 1)$ , $V_{0}>0$
pure ( $V_{0}\gg 1$
1 !), $\alpha=1$ ( 1 $V_{0}\gg 1$
) 2 . , [6]




$[$ 5], [15], , Wirth [16], Reissig [12], etc.....
, ( )
17
.$u_{tt}- \triangle u+\frac{V_{0}}{1+t}u_{t}=0$ , $x\in R^{n}$ , $>0$ , (17)
$u|_{t=0}=u_{0}(x)$ , $u_{t}|_{t=0}=u_{1}(x)$ , $x\in R^{n}$ . (18)
$[u_{0}, u_{1}]\in H^{1}(R^{n})\cross L^{2}(R^{n})$
$E_{u}(t)\leq C(1+t)^{-\min\{2,V_{0}\}}$ ,
. , $V_{0}$ 2
, , $t$
,
. . , [7]





, Theorem (A), (B) $(tarrow+\infty$
) , $\Omega\subset R^{n}$
, (1)
$u_{tt}- \triangle u+\frac{V_{0}}{|x|}u_{t}=0$ , $t>0$ , $x\in\Omega$ , (20)
, $V_{0}\geq n$ (20) pure
, :
$- \triangle v+\frac{V_{0}}{|x|}v_{t}=0$ , $t>0$ , $x\in\Omega$ , (21)
. (21) $\ovalbox{\tt\small REJECT}$ exact solution
$v(t, x):=K(1+t)^{-(n-1)}e^{-V_{0_{1+\ell}^{\cup x}}}$ ,
, . ,
$\Vert v_{t}(t, \cdot)\Vert_{2}^{2}=\Vert\nabla v(t, \cdot)||_{2}^{2}=O(t^{-n})$ , $(tarrow+\infty)$ , (22)
18
. (B) . (22) , Damped
wave equation , $||v_{t}(t, \cdot)\Vert_{2}$ $\Vert\nabla v(t, \cdot)\Vert_{2}$
. (A) .
[3] ,
, $(2009$ $7$ $8$ $\sim 10$ $)$ at RIMS
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